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Abstract
For a hypergraph G, let χ(G),∆(G), and λ(G) denote the chro-
matic number, the maximum degree, and the maximum local edge
connectivity of G, respectively. A result of Rhys Price Jones from 1975
says that every connected hypergraph G satisfies χ(G) ≤ ∆(G) + 1
and equality holds if and only if G is a complete graph, an odd cy-
cle, or G has just one (hyper-)edge. By a result of Bjarne Toft from
1970 it follows that every hypergraph G satisfies χ(G) ≤ λ(G) + 1.
In this paper, we show that a hypergraph G with λ(G) ≥ 3 satisfies
χ(G) = λ(G) + 1 if and only if G contains a block which belongs to
a family Hλ(G). The class H3 is the smallest family which contains
all odd wheels and is closed under taking Hajo´s joins. For k ≥ 4, the
family Hk is the smallest that contains all complete graphs Kk+1 and
is closed under Hajo´s joins. For the proofs of the above results we
use critical hypergraphs. A hypergraph G is called (k + 1)-critical if
χ(G) = k + 1, but χ(H) ≤ k whenever H is a proper subhypergraph
of G. We give a characterization of (k + 1)-critical hypergraphs hav-
ing a separating edge set of size k as well as a a characterization of
(k + 1)-critical hypergraphs having a separating vertex set of size 2.
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1 Introduction and main results
In the 1960s, Erdo˝s and Hajnal [6] introduced a coloring concept for hy-
pergraphs. A coloring of a hypergraph G with color set C is a function
ϕ : V (G) → C such that for each edge e ∈ E(G) there are vertices v, w ∈ e
with ϕ(v) 6= ϕ(w). Since each edge of a graph contains exactly two vertices,
this concept is a generalization of the usual coloring concept for graphs. The
chromatic number χ(G) of a hypergraph G is the least integer k such that
G admits a k-coloring, that is, a coloring with color set {1, 2, . . . , k}. This
definition enables the transfer of various famous results on colorings of graphs
to the hypergraph case. But even if one is only interested in graphs, the study
of hypergraphs may be of use and help in many cases, as demonstrated for
example in [16]. Brooks’ theorem [3] was extended to hypergraphs by Jones
[9] in 1975.
Theorem 1 Let G be a connected hypergraph. Then, χ(G) ≤ ∆(G) + 1
and equality holds if and only if G is a complete graph, an odd cycle, or G
contains exactly one edge.
In this paper, we examine the relation between the chromatic number of
a hypergraph and its edge connectivity. Let G be a hypergraph with at least
two vertices. The local edge connectivity λG(v, w) of distinct vertices
v, w in the hypergraph G is the maximum number of edge-disjoint (v, w)-
hyperpaths of G. The maximum local edge connectivity of a hypergraph G
is
λ(G) = max{λG(v, w) | v, w ∈ V (G), v 6= w}.
If G has at most one vertex, we set λ(G) = 0. By a result of Toft [15], each
hypergraph G satisfies χ(G) ≤ λ(G) + 1. Our aim is to characterize the
class of hypergraphs for which equality hold. To this end, we use a famous
construction by Hajo´s [8], which was extended to hypergraphs by Toft [16].
Let G1 and G2 be two vertex disjoint hypergraphs and, for i ∈ {1, 2}, let
ei ∈ E(Gi) and vi ∈ ei. Then, we create a new hypergraph G by deleting
e1 and e2, identifying the vertices v1 and v2 to a new vertex v
∗, and adding
a new edge e∗ ∈ E(G) either with e∗ = (e1 ∪ e2) \ {v1, v2} or with e
∗ =
(e1 ∪ e2 ∪ v
∗) \ {v1, v2}. Then, G is a Hajo´s join of G1 and G2 and we write
G = (G1, v1, e1)∆(G2, v2, e2) or, briefly, G = G1∆G2. Figure 1 shows the two
possible Hajo´s joins of two K4.
For an integer k ≥ 3 we define a class Hk of hypergraphs as follows. Let
H3 be the smallest class of hypergraphs that contains all odd wheels and is
2
v∗
e∗
v∗
e∗
Figure 1: The two possible Hajo´s joins of two K4.
closed under taking Hajo´s joins. Moreover, for k ≥ 4, let Hk be the smallest
class of hypergraphs that contains all complete graphs of order k + 1 and is
closed under taking Hajo´s joins.
Recall that a block of a hypergraph G is a maximal connected subhyper-
graph of G that does not contain a separating vertex. It is well known that
any two blocks of G have at most one vertex in common. In particular,
χ(G) = max{χ(B) | B is a block of G}. (1.1)
This is due to the fact that if we have optimal colorings of the blocks of
G, then, by permuting the colors in the blocks, we can create an optimal
coloring of G.
The next theorem is the main result of this paper, it is a generalization
of Brooks’ theorem for hypergraphs. The graph-counterpart was proven by
Aboulker, Brettell, Havet, Marx, and Trotignon [1] for λ(G) = 3 and by
Stiebitz and Toft [14] for λ(G) ≥ 4.
Theorem 2 Let G be a hypergraph with λ(G) ≥ 3. Then, χ(G) ≤ λ(G) + 1
and equality holds if and only if G has a block belonging to the class Hλ(G).
Note that for λ(G) ∈ {0, 1}, it is obvious that a connected hypergraph G
satisfies χ(G) = λ(G) + 1 if and only λ(G) = 0 and G = K1, or λ(G) = 1
and each block of G consists of just one edge. The case λ(G) = 2 has not
yet been solved in a satisfactory way, that is, we do not know with certainty
what H2 is.
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2 Notation and Basic Concepts
A hypergraph is a pair G = (V,E), where V and E are two finite sets,
E ⊆ 2V , and |e| ≥ 2 for all e ∈ E. Then, V (G) = V is the vertex set of G
and its elements are the vertices of G. Furthermore, E(G) = E is the edge
set of G; its elements are the edges of G. The empty hypergraph is the
hypergraph G with V (G) = E(G) = ∅; we denote it by G = ∅. A simple
hypergraph is a hypergraph in which no edge is contained in another edge.
Note that hypergraphs in this paper have no multiple edges.
For a hypergraph G we use the following notation. The order |G| of G is
the number of vertices of G. Let e be an arbitrary edge of G. If |e| ≥ 3, the
edge e is said to be a hyperedge, otherwise, for |e| = 2, e is an ordinary
edge. If e is an ordinary edge of G with e = {v, w}, we briefly write e = vw
and e = wv. As usual, we write G = Kn if G is a complete graph of order n
and G = Cn if G is a cycle of order n consisting only of ordinary edges. A
cycle is called odd or even depending on whether its order is odd or even.
An odd wheel is a graph obtained from an odd cycle by adding one vertex
and joining it to all others. A hyperwheel is a hypergraph obtained from
an edge by adding one vertex and joining it to all vertices of the edge by
ordinary edges.
For a hypergraph G and a vertex set X ⊆ V (G), let
∂G(X) = {e ∈ E(G) | e ∩X 6= ∅ and e ∩ (V (G) \X) 6= ∅}.
IfX = {v} is a singleton, we just write ∂G(v). The degree of v in G is defined
as dG(v) = |∂G(v)|. As usual, δ(G) = minv∈V (G) dG(v) is the minimum
degree of G and ∆(G) = maxv∈V (G) dG(v) is the maximum degree of G.
If G is empty, we set δ(G) = ∆(G) = 0. A non-empty hypergraph G is said
to be r-regular or, briefly, regular if each vertex in G has degree r.
A hypergraph G′ is a subhypergraph of G, written G′ ⊆ G, if V (G′) ⊆
V (G) and E(G′) ⊆ E(G). Moreover, G′ is a proper subhypergraph of G, if
G′ ⊆ G and G′ 6= G. Let G1 and G2 be two hypergraphs. Then, G1 ∪ G2
denotes the union of G1 and G2, that is, the hypergraph G
′ with V (G′) =
V (G1) ∪ V (G2), and E(G
′) = E(G1) ∪ E(G2). Similarly, G
′ = G1 ∩ G2
denotes the intersection of G1 and G2, where V (G
′) = V (G1)∩ V (G2) and
E(G′) = E(G1) ∩ E(G2).
Let G be a hypergraph and let X ⊆ V (G) be a vertex set. We consider
two new hypergraphs. First, G[X ] is the subhypergraph of G with
V (G[X ]) = X and E(G[X ]) = {e ∈ E(G) | e ⊆ X}.
4
We say that G[X ] is the subhypergraph of G induced by X . More general,
a hypergraph G′ is said to be an induced subhypergraph of G if V (G′) ⊆
V (G) and G′ = G[V (G′)]. Secondly, G(X) is the hypergraph with
V (G(X)) = X and E(G(X)) = {e ∩X | e ∈ E(G) and |e ∩X| ≥ 2}.
We say that G(X) is the hypergraph obtained by shrinking G to X . Note
that G(X) does not necessarily need to be a subhypergraph of G. As usual,
we define G−X = G[V (G) \X ] and G ÷X = G(V (G) \X). For the sake
of readability, if X = {v} for some vertex v, we will write G− v and G÷ v
instead of G−X and G÷X . To obtain the reverse operation to G− v, let
G′ be a proper induced subhypergraph of G and let v ∈ V (G)\V (G′). Then,
G′ + v = G[V (G′) ∪ {v}]. If F ⊆ E(G) is an edge set, then let G− F be the
hypergraph that results from G by deleting all edges from F . If F = {e} is
a singleton, we write G− e rather than G− F .
Let G be a non-empty hypergraph. A (v, w)-hyperpath in G is a se-
quence (v1, e1, v2, e2, . . . , eq−1, vq) of distinct vertices v1, v2, . . . , vq of G and
distinct edges e1, e2, . . . , eq−1 ofG such that v = v1, w = vq and {vi, vi+1} ⊆ ei
for i ∈ {1, 2, . . . , q − 1}. If u and u′ are vertices contained in a hyperpath
P , we will write uPu′ in order to denote the (u, u′)-subhyperpath of P . Two
hyperpaths are edge-disjoint if the edges from one are all different from the
edges of the other. The hypergraph G is connected if there is a hyperpath
in G between any two of its vertices. A (connected) component of G is a
maximal connected subhypergraph of G.
A separating vertex set of G is a set S ⊆ V (G) such that G is the
union of two induced subhypergraphs G1 and G2 with V (G1) ∩ V (G2) = S
and |Gi| > |S| for i ∈ {1, 2}. If S = {v} is a singleton, we say that v is a
separating vertex of G. Note that S is a separating vertex set if and only
if G÷ S has more components than G. Finally, a block of G is a maximal
connected subhypergraph of G that has no separating vertex. Thus, every
block of G is a connected induced subhypergraph of G. It is easy to see that
two blocks of G have at most one vertex in common, and that a vertex v is a
separating vertex of G if and only if it is contained in more than one block.
A separating edge set of G is a set F ⊆ E(G) such that G − F has
more components than G. If F is a separating edge set and there is no proper
subset of F that is a separating edge set, as well, F is said to be a minimal
separating edge set. It is well known that if F is a minimal separating
edge set of a connected hypergraph G, then F = ∂G(X) for some non-empty
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proper subset X of V (G). An edge e is a bridge of a hypergraph G if G− e
has |e| − 1 more components than G. Note that an edge e is a bridge if and
only if each vertex from e belongs to a different component of G− e.
A hypergraph G is k-edge-connected for an integer k ≥ 1 if |G| ≥ 2 and
G−F is connected for any set F ⊆ E(G) with |F | ≤ k− 1. It is well known
that Menger’s Theorem also holds for hypergraphs (see [2, Theorem 2.5.28]
and [10]).
Theorem 3 If G is a hypergraph and v, w are distinct vertices of G, then
λG(v, w) = min{|∂G(X)| | v ∈ X ⊆ V (G) \ {w}}.
3 Connectivity of critical hypergraphs
In order to prove Theorem 2, we use the concept of critical hypergraphs.
Critical graphs were introduced by Dirac in his Ph.D. thesis and the resulting
papers [4] and [5]. His concept was extended to hypergraphs by Lova´sz
[12]. We say that a hypergraph G is (k + 1)-critical or, briefly, critical
if χ(G) = k + 1, but χ(H) ≤ k for any proper subhypergraph H of G.
Critical hypergraphs are a useful concept in chromatic number theory as
many problems can be reduced to critical hypergraphs. In particular, each
hypergraph G contains a critical hypergraph H with χ(H) = χ(G). The next
two propositions state some well known facts about critical hypergraphs.
Proposition 4 Let G be a connected hypergraph and let k ≥ 0 be an integer.
Then, G is (k + 1)-critical if and only if χ(G− e) ≤ k < χ(G) for each edge
e ∈ E(G).
It is easy to see that K1 is the only 1-critical hypergraph and that the
only 2-critical hypergraphs are the connected hypergraphs that contain only
one edge. Regarding graphs, it is also easy to obtain that the only 3-critical
graphs are the odd cycles. However, it seems unlikely that there is a good
characterization of 3-critical hypergraphs as even the decision whether a given
hypergraph G satisfies χ(G) ≤ 2 is NP-complete (see [13]).
Proposition 5 Let G be a (k+1)-critical hypergraph for some integer k ≥ 0.
Then, the following statements hold:
(a) δ(G) ≥ k, in fact each vertex v is contained in k edges having pairwise
only v in common.
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(b) If k ≥ 1, then G is k-edge-connected. In particular, λG(v, w) ≥ k for
distinct vertices v, w ∈ V (G).
(c) G is a block.
(d) G is a simple hypergraph.
Statement (a) follows from the fact that there is a coloring of G− v with
color set C = {1, 2, . . . , k}. This coloring, however, cannot be extended to a
k-coloring of G, and therefore for each color α ∈ C there is an edge in ∂G(v)
where all vertices have color α, except v. This proves (a). Statement (b) was
proved by Toft in [16]; we also give a proof in Theorem 12. Statement (c) is
a direct consequence of (1.1), and (d) is obvious.
Proposition 5(a) leads to a classification of the vertices of critical hyper-
graphs. Let G be a (k + 1)-critical hypergraph. Then, a vertex is said to be
a low vertex of G if it has degree k in G, and a high vertex, otherwise.
Thus each high vertex of G has degree at least k + 1 in G.
We say that a connected hypergraph is a Gallai tree if each of its blocks
is a complete graph, an odd cycle, or consists of just one hyperedge. A
Gallai forest is a hypergraph whose components are all Gallai trees. The
next lemma is from Kostochka and Stiebitz [11]; it generalizes a famous result
of Gallai [7] on critical graphs.
Lemma 6 Let G be a (k+1)-critical hypergraph for some integer k ≥ 2, let
L be the set of low vertices of G, and H = V (G) \ L. Moreover, let
F = {e ∈ E(G) | |e ∩ L| ≥ 2 and |e ∩H| ≥ 1}.
If L 6= ∅, then the following statements hold:
(a) G(L) is a Gallai forest.
(b) If e, e′ ∈ F and e 6= e′, then e ∩ L 6= e′ ∩ L.
(c) If e ∈ F , then e ∩ L belongs to E(G(L)) and is a bridge of G(L).
(d) If H is empty, then G is a Kk+1, or k = 2 and G is an odd cycle, or k =
1 and G is a connected hypergraph consisting of one edge. Furthermore,
if G(L) contains a Kk+1, then G = Kk+1.
7
Gallai [7] furthermore characterized the critical graphs having exactly one
high vertex. A similar characterisation holds for hypergraphs; however, we
only need the following easy consequence of the above lemma.
Lemma 7 Let G be a (k + 1)-critical hypergraph for some integer k ≥ 2. If
G has exactly one high vertex, then either G has a separating vertex set of
size 2, or k = 2 and G is a hyperwheel, or k = 3 and G is an odd wheel.
Proof: Let v be the only high vertex of G. Then, L = V (G) \ {v} is the
set of low vertices of G and G(L) = G ÷ v. By Lemma 6(a), G(L) is a
Gallai forest. As G is a block (by Proposition 5(c)), G(L) is connected and
therefore a Gallai tree. Let B be an end-block of G(L). If B is not the only
block of G(L), then B contains a separating vertex u of G(L) and {v, u} is
a separating vertex set of G, so we are done. Otherwise, G(L) = B and
it follows from Lemma 6(c) that ∂G(v) contains only ordinary edges and so
G(L) = G[L]. Since G(L) is a Gallai tree consisting only of the block B, this
block B is regular of degree k − 1 and v joined to each vertex of B by an
ordinary edge. As dG(v) ≥ k + 1, k = 2 and B consists of just one edge, or
k = 3 and B is an odd cycle. Thus, k = 2 and G is a hyperwheel, or k = 3
and G is an odd wheel, as claimed.
As was previously noted, a critical graph is connected and contains no
separating vertex. Dirac [4] as well as Gallai [7] characterized critical graphs
having a separating vertex set of size 2. The next theorem is the hypergraph
counterpart. For a hypergraph G, by COk(G) we denote the set of all k-
colorings of G, i.e., all colorings of G with color set {1, 2, . . . , k}.
Theorem 8 Let G be a (k+1)-critical hypergraph for an integer k ≥ 2, and
let S ⊆ V (G) be a separating vertex set of G satisfying |S| ≤ 2. Then S is
an independent set of G consisting of two vertices, say v and w, and G÷ S
has exactly two components H1 and H2. Moreover, if Gi = G[V (Hi)∪ S] for
i ∈ {1, 2}, we can adjust the notation so that for a coloring ϕ1 ∈ COk(G1)
we have ϕ1(v) = ϕ1(w). Then, the following statements hold:
(a) Each coloring ϕ ∈ COk(G1) satisfies ϕ(v) = ϕ(w) and each coloring
ϕ ∈ COk(G2) satisfies ϕ(v) 6= ϕ(w).
(b) The hypergraph G′1 = G1 + vw obtained from G by adding the edge vw
is (k + 1)-critical.
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(c) The hypergraph G′2 obtained from G2 by identifying v and w is (k+1)-
critical.
Proof: Since G is (k+1)-critical with k ≥ 2, the separating set S consists of
exactly two elements, say S = {v, w}. Then, G is the union of two induced
subhypergraphs G1 and G2 with V (G1) ∩ V (G2) = {v, w} and |Gi| > 2 for
i ∈ {1, 2}. Since Gi is a proper subhypergraph of G, there is a coloring ϕi ∈
COk(Gi) (i ∈ {1, 2}). Then, for one coloring, say ϕ1, we have ϕ1(v) = ϕ1(w)
and for ϕ2, we have ϕ2(v) 6= ϕ2(w). For otherwise, we could permute the
colors in one coloring such that ϕ1(v) = ϕ2(v) and ϕ1(w) = ϕ2(w) so that
ϕ1∪ϕ2 would be a k-coloring of G, which is impossible. Consequently, S is an
independent set of G. Furthermore it follows that each coloring ϕ ∈ COk(G1)
satisfies ϕ(v) = ϕ(w) and each coloring ϕ ∈ COk(G2) satisfies ϕ(v) 6= ϕ(w).
Hence, (a) is proven.
For the proof of (b), let G′1 = G1 + vw. Then, it follows from (a) that
χ(G′1) ≥ k+1. Let e be an arbitrary edge of G
′
1. We show that G
′
1−e admits
a k-coloring. If e = vw, this is evident. Otherwise, e ∈ E(G1) and there is a
k-coloring ϕ of G− e. By (a), it follows that ϕ(v) 6= ϕ(w) and so ϕ induces
a k-coloring of G′1 − e. Hence, G
′
1 is (k + 1)-critical (see Proposition 4).
In order to prove (c), let G′2 be the hypergraph obtained from G2 by
identifying v and w to a new vertex v∗. Then, by (a), χ(G′2) ≥ k + 1. Let e
be an arbitrary edge of G′2 and let e
′ be a corresponding edge of G2. Then,
G − e′ admits a k-coloring ϕ and, by (a), ϕ(v) = ϕ(w) and so ϕ induces a
k-coloring of G′2 − e. Hence, G
′
2 is (k + 1)-critical.
Finally, we obtain that
G÷ S = (G1 ÷ S) ∪ (G2 ÷ S) = (G
′
1 ÷ S) ∪ (G
′
2 ÷ v
∗).
Since S is not an independent set of G′1 and since G
′
1 is critical, G
′
1 ÷ S is
connected. Moreover, since G′2 is critical, G
′
2 ÷ v
∗ is connected. This proves
that G÷S has exactly two components H1 and H2 as claimed and the proof
is complete.
Theorem 9 Let G = (G1, v1, e1)∆(G2, v2, e2) be a Hajo´s join of two hyper-
graphs G1 and G2, and let k ≥ 2 be an integer. Then, the following statements
hold:
(a) If both G1 and G2 are (k + 1)-critical, then G is (k + 1)-critical.
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(b) If G is (k + 1)-critical and k ≥ 3, then both G1 and G2 are (k + 1)-
critical.
Proof: For the proof of (a), assume that both G1 and G2 are (k+1)-critical.
If there is a k-coloring ϕ of G, then there are vertices x 6= y from e∗ such
that ϕ(x) 6= ϕ(y) and at least one vertex, say x, satisfies ϕ(x) 6= ϕ(v∗). By
symmetry, we may assume x ∈ V (G1). However, then the mapping ϕ1 with
ϕ1(u) = ϕ(u) for all u ∈ V (G1) \ {v1} and ϕ1(v1) = ϕ(v
∗) is a k-coloring of
G1 and, thus, χ(G1) ≤ k, a contradiction. In order to see that G is k-critical,
let G′ = G − e for some edge e ∈ E(G). If e = e∗, then, as G1 and G2
are critical, we can create a k-coloring ϕ of G′ by choosing k-colorings ϕ1 of
G1 − e1 and ϕ2 of G2 − e2, permuting the colors such that ϕ1(v1) = ϕ2(v2),
and setting ϕ(u) = ϕi(u) if u ∈ V (Gi). If e 6= e
∗, then e ∈ E(Gi) for some
i ∈ {1, 2}, say e ∈ E(G1). Then, G1 − e admits a k-coloring ϕ1 and there is
a vertex u ∈ e1 with ϕ1(u) 6= ϕ1(v1). Moreover, G2 − e2 admits a k-coloring
ϕ2 and all vertices from e2 have the same color. Again by permuting the
colors it is easy to see that one can create a k-coloring of G. Thus G is
(k + 1)-critical, and (a) is proved.
In order to prove (b) assume that G is (k + 1)-critical with k ≥ 3. By
symmetry, it suffices to show that G1 is (k + 1)-critical, as well. Clearly, if
χ(G1) ≤ k, then there is a k-coloring ϕ1 of G1 with ϕ1(u) = α 6= β = ϕ1(v1)
for at least one u ∈ e1. Moreover, as G is (k + 1)-critical and since k ≥ 3,
there is a k-coloring of G − e˜ and hence a k-coloring ϕ2 of G2 − e2 such
that ϕ2(v2) = β and ϕ2(u
′) 6= α for at least one u′ ∈ e2 \ {v2}. Then, the
union of the colorings ϕ1 and ϕ2 would be a k-coloring of G, a contradiction.
Thus, χ(G1) ≥ k + 1. Similarly, one can show that χ(G2) ≥ k + 1. Now
let G′1 = G1 − e for some e ∈ E(G1). If e = e1, then the restriction of any
k-coloring ϕ of G − e∗ to V (G1) is a k-coloring of G
′
1 and we are done. If
e 6= e1, then there is a k-coloring ϕ of G − e. If ϕ(u) 6= ϕ(v
∗) for at least
one u ∈ e∗ ∩ V (G1), we are done. Otherwise, there is a vertex u ∈ e∩ V (G2)
with ϕ(u) 6= ϕ(v∗) and the restriction of ϕ to V (G2) is a k-coloring of G2, a
contradiction to χ(G2) ≥ k + 1. This proves (b).
Note that (b) does not hold for k = 2, not even in the graph case as
demonstrated for example by a cycle C7 being obtained as Hajo´s join of two
cycles C4.
Let G be a connected hypergraph, v ∈ V (G), and e ∈ E(G). Then,
{v, e} is a separating set (consisting of one edge and one vertex) if v is a
separating vertex of G− e (no matter whether v ∈ e or not).
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Theorem 10 Let G be a (k + 1)-critical hypergraph with k ≥ 3. If G has a
separating set consisting of one edge and one vertex, then G is a Hajo´s join
of two hypergraphs.
Proof: There is a vertex v∗ ∈ V (G) and an edge e∗ ∈ E(G) such that
G − e∗ = G1 ∪ G2 with V (G1) ∩ V (G2) = {v
∗} and |Gi| ≥ 2 for i ∈ {1, 2}.
As G is a block (by Proposition 5(c)), e∗ ∩ V (Gi) 6= ∅ for i ∈ {1, 2}. For
i ∈ {1, 2}, let ei = (e
∗ ∩ V (Gi)) ∪ {v
∗}. If we can show that ei 6∈ E(G), then
G is the Hajo´s join of G1 + e1 and G2 + e2, and we are done. By symmetry,
assume that e1 ∈ E(G). As G is (k + 1)-critical, there is a k-coloring ϕ of
G− e∗ and all vertices from e∗ have the same color α. Moreover, as e1 ∈ G,
v∗ has a color β 6= α. Since k ≥ 3, there is a color γ 6∈ {α, β}. By coloring all
vertices from G2 having color α with γ and vice versa, we obtain a k-coloring
of G, a contradiction. This completes the proof.
The next theorem examines decompositions of (k+1)-critical hypergraphs
having a separating edge set of size k. Let G be an arbitrary hypergraph.
An edge cut of G is a triple (X, Y, F ) such that X is a non-empty proper
subset of V (G), Y = V (G) \ X , and F = ∂G(X) = ∂G(Y ). If (X, Y, F ) is
an edge cut of G, by XF (respectively YF ) we denote the set of vertices of X
that are incident to some edge of F . An edge cut (X, Y, F ) of G is non-trivial
if |XF | ≥ 2 and |YF | ≥ 2.
That a (k+1)-critical graph is k-edge-connected was proved by Dirac [5].
A characterization of (k + 1)-critical graphs having a separating edge set
of size k was given by Toft [15] and, independently, by Gallai (oral com-
munication to the third author). Gallai used the following lemma about
complements of bipartite graphs. The clique number ω(G) of a graph G
is the maximum integer n such that Kn is a subgraph of G. A graph G is
perfect if each induced subgraph H of G satisfies χ(H) = ω(H). It is well
known that complements of bipartite graphs are perfect. For the reader’s
convenience we repeat the proof of the following lemma from [14].
Lemma 11 Let H be a graph and let k ≥ 3 be an integer. Suppose that
(A,B, F ′) is an edge cut of H such that |F ′| ≤ k and A as well as B are
cliques of H with |A| = |B| = k. If χ(H) ≥ k + 1, then |F ′| = k and
F ′ = ∂H(v) for some vertex v of H.
Proof: The graph H is perfect and so ω(H) = χ(H) ≥ k+1. Consequently,
H contains a clique X with |X| = k + 1. Let s = |A ∩ X| and hence
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k + 1 − s = |B ∩ X|. Since |A| = |B| = k, this implies that s ≥ 1 and
k + 1 − s ≥ 1. Since X is a clique of H , the set E ′ of edges of H joining a
vertex of A∩X with a vertex of B∩X satisfies E ′ ⊆ F ′ and |E ′| = s(k+1−s).
Clearly, the function g(s) = s(k+1−s) is strictly concave on the real interval
[1, k] as g′′(s) = −2. Since g(1) = g(k) = k, we conclude that g(s) > k for
all s ∈ (1, k). Since g(s) = |E ′| ≤ |F ′| ≤ k, this implies that s = 1 or s = k.
In both cases we obtain that E ′ = F ′ = ∂H(v) for some vertex v of H and
|E ′| = |F ′| = k.
Theorem 12 Let G be a (k + 1)-critical hypergraph with k ≥ 2, and let
F ⊆ E(G) be a separating edge set of G with |F | ≤ k. Then, |F | = k and
there is an edge cut (X, Y, F ) of G satisfying the following properties:
(a) Every k-coloring ϕ of G[X ] satisfies |ϕ(XF )| = 1 and every k-coloring
ϕ of G[Y ] satisfies |ϕ(YF )| = k and for every color i ∈ {1, 2, . . . , k}
there is an edge e ∈ F such that ϕ(e ∩ Y ) = {i}.
(b) Each vertex of YF is incident to exactly one edge of F .
(c) If |XF | ≥ 2, then the hypergraph G1 obtained from G[X ] by adding the
hyperedge with vertex set XF is (k + 1)-critical.
(d) The hypergraph G2 obtained from G[Y ] by adding a new vertex v and
adding for each edge e ∈ F the new edge (e−X)∪{v} is (k+1)-critical.
Proof: We may assume that F is a minimal separating edge set of G and,
hence, there exists an edge cut (X, Y, F ) of G. Since G is (k + 1)-critical,
for every set Z ∈ {X, Y } there is a coloring ϕZ ∈ COk(G[Z]). Now we
construct an auxiliary graph H as follows. The vertex set of H consists of
two disjoint cliques A and B with |A| = |B| = k, say A = {a1, a2, . . . , ak} and
B = {b1, b2, . . . , bk}. The edge set of H consists of the edges of the cliques A
and B and an additional edge set F ′ ⊆ ∂H(A) = ∂H(B). An edge aibj belongs
to F ′ if and only if there is an edge e ∈ F such that ϕX(e ∩ X) = {i} and
ϕY (e∩Y ) = {j}. We claim that χ(H) ≥ k+1. For otherwise, there exists a
coloring ϕ′ ∈ COk(H) and we may assume that ϕ
′(ai) = i and ϕ
′(bj) = pi(j)
for a permutation pi ∈ Sk. Then ϕ
′
Y = pi ◦ ϕY belongs to COk(G[Y ]) and the
function ϕX ∪ ϕ
′
Y belongs to COk(G), which is impossible. This proves the
claim that χ(H) ≥ k + 1. From Lemma 11 it then follows that |F ′| = k and
F ′ = ∂H(v) for some vertex v ∈ V (H) = A∪B. By symmetry, we may assume
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that v ∈ A. On the one hand, this implies that XF is an independent set of G
and |ϕX(XF )| = 1. On the other hand, it implies that |ϕY (YF )| = k and for
every color i ∈ {1, 2, . . . , k} there is an edge e ∈ F such that ϕY (e∩Y ) = {i}.
This shows, in particular, that |F | = k. If ϕ ∈ COk(G[X ]) we can apply the
same argument to the colorings ϕ and ϕY , which leads to |ϕ(XF )| = 1. If
ϕ ∈ COk(G[Y ]), we can apply the same argument to the colorings ϕX and
ϕ, which leads to |ϕ(YF )| = k. This proves (a) and (b).
For the proof of (c) assume that |XF | ≥ 2 and let G1 be the hypergraph
obtained from G[X ] by adding the hyperedge with vertex set XF . By (a),
χ(G1) ≥ k + 1. Let e be an arbitrary edge from G1. We show that G − e
has a k-coloring. If e = XF , this is evident. Otherwise, e belongs to G[X ]
and since G is (k + 1)-critical, there is a k-coloring ϕ of G − e. Clearly, ϕ
induces a k-coloring of G[Y ] and we conclude from (a) that |ϕ(XF )| ≥ 2.
Hence, ϕ induces a k-coloring of G1 − e. Consequently, G1 is (k + 1)-critical
(see Proposition 4).
In order to prove statement (d) let G2 be the hypergraph obtained from
G[Y ] by adding a new vertex v and adding for each edge e ∈ F the new edge
(e−X)∪ {v}. By (a), χ(G2) ≥ k+ 1. Let e be an arbitrary edge of G2. We
show that G2 − e admits a k-coloring. Let e
′ be the corresponding edge of e
in G. Then, e′ ∈ F ∪ E(G[Y ]). As G is (k + 1)-critical, there is a k-coloring
ϕ of G− e′ and, by (a), |ϕ(XF )| = 1. Hence, ϕ induces a k-coloring of G2− e
and we are done.
4 Proof of Theorem 2
Let G be hypergraph with λ(G) ≥ 3. Then, G contains a critical hypergraph
H with χ(G) = χ(H). Furthermore, χ(H) ≤ λ(H) + 1 (by Proposition 5(b),
respectively by Theorem 12 and Theorem 3). As λ is a monotone hypergraph
parameter, i.e., λ(H) ≤ λ(G) for any subhypergraph H ⊆ G, it follows
χ(G) ≤ λ(G) + 1 and the first part of the main result is proven.
It remains to be shown that χ(G) = λ(G) + 1 if and only if some block
of G belongs to Hλ(G). We will show that the critical subhypergraph H is a
block of G which belongs to Hλ(G). For an integer k ≥ 2, let Ck denote the
class of hypergraphs H such that H is a critical hypergraph with chromatic
number k + 1 and with λ(H) ≤ k. We first prove that Ck = Hk.
Theorem 13 Let k ≥ 3 be an integer. Then, the two classes Ck and Hk
coincide.
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Proof: The proof of Theorem 13 is divided into five claims. Proving the
following claim is straightforward and therefore left to the reader.
Claim 1 The odd wheels belong to the class C3 and the complete graphs of
order k + 1 belong to the class Ck.
Claim 2 Let k ≥ 3 be an integer, and let G = G1∆G2 be the Hajo´s join of
two hypergraphs G1 and G2. Then, G belongs to the class Ck if and only if
both G1 and G2 belong to the class Ck.
Proof : We may assume that G = (G1, v1, e1)∆(G2, v2, e2). First suppose
that G1 and G2 are from Ck. Then, by Theorem 9, G is (k + 1)-critical. It
remains to be shown that λ(G) ≤ k. To this end, let u and u′ be distinct
vertices of G and let p = λG(u, u
′). Then, there is a system P of p edge
disjoint (u, u′)-hyperpaths in G. If u and u′ are both from G1, then only one
hyperpath P of P may contain vertices from G2 (distinct from v
∗). In this
case, P contains the vertex v∗ as well as the edge e∗. Let u∗ ∈ V (G1) be
the vertex from P such that u∗ and e∗ are consecutive in P . Then, replacing
the subhyperpath u∗Pv∗ of P by the hyperpath P ′ = (u∗, e1, v1) leads to a
system of p edge disjoint (u, u′)-paths in G1, and, thus, p ≤ λG1(u, u
′) ≤ k.
The same argument can be used if u, u′ ∈ V (G2). It remains to consider the
case that one vertex, say u, belongs to G1 and the other vertex u
′ belongs to
G2. By symmetry we may assume that u 6= v
∗. Again at most one hyperpath
P of P uses the edge e∗ and all other hyperpaths of P contain the vertex
v∗(= v1 = v2). As before, let u
∗ be the vertex from V (G1) such that u
∗
and e∗ are consecutive in P and let P ′ = (u∗, e1, v1). If we replace P by the
hyperpath uPu∗ + P ′, then we obtain p edge disjoint (u, v1)-hyperpaths in
G1, and thus, p ≤ λG1(u, v1) ≤ k. Hence, λ(G) ≤ k and so G ∈ Ck.
Now suppose that G ∈ Ck. As k ≥ 3, it follows from Theorem 9(b)
that both G1 and G2 are (k + 1)-critical graphs. It remains to be shown
that λ(Gi) ≤ k for i ∈ {1, 2}. By symmetry, it is sufficient to prove that
λ(G1) ≤ k. Let u and u
′ be distinct vertices of G1 and let p = λG1(u, u
′).
Then, there is a system P of p edge disjoint (u, u′)-hyperpaths in G1. At
most one hyperpath P of P may contain the edge e1. If v1 and e1 are
not consecutive in P , replacing e1 by e
∗ leads to a system of p edge-disjoint
(u, u′)-hyperpaths of G and so p ≤ λG(u, u
′) ≤ k and we are done. So assume
that v1 and e1 are consecutive in P . Let u
′′ be a vertex from e2 \ {v2}. As
G2 is critical, Proposition 5(b) implies that there is a (u
′′, v2)-hyperpath P
′,
which does not contain the edge e2. So, replacing the edge e1 in P by the
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sequence e∗P ′, we get p edge-disjoint (u, u′)-hyperpaths of G, and hence,
p ≤ λG(u, u
′) ≤ k. Thus, λ(G1) ≤ k and the claim is proven. 
The next claim is a direct consequence of claims 1 and 2.
Claim 3 Let k ≥ 3 be an integer. Then, Hk is a subclass of Ck.
Claim 4 Let k ≥ 3 be an integer, and let G be a hypergraph from Ck. If G
does not admit a separating vertex set of size at most 2, then either k = 3
and G is an odd wheel, or k ≥ 4 and G is a complete graph of order k + 1.
Proof : The proof is by contradiction; we consider a counter-example G
with minimum order |G|. Then, G ∈ Ck having no separating set of size at
most 2 and either k = 3 and G is not an odd wheel, or k ≥ 4 and G is not a
complete graph of order k+ 1. First we show that the set H of high vertices
of G contains at least two vertices. If H = ∅, then, as G is a block and as
k ≥ 3, it follows from Lemma 6(d) that G is a complete graph of order k+1,
a contradiction. If |H| = 1, then Lemma 7 implies that k = 3 and G is an
odd wheel, a contradiction. Thus, |H| ≥ 2. Let u and v be distinct high
vertices of G. As G ∈ Ck, it follows from Proposition 5(b) that λ(G) = k and,
therefore, G contains a separating edge set F with |F | = k, which separates
u and v. From Theorem 12 it follows that there is an edge cut (X, Y, F )
satisfying the four properties of that theorem. Since F separates u and v,
we may assume that u ∈ X and v ∈ Y . As u is a high vertex and G has no
separating vertex set of size at most two, it follows that |XF | ≥ 3. Now we
consider the hypergraph G1 obtained from G[X ] by adding the hyperedge
e with vertex set XF . By Theorem 12(c), G1 is (k + 1)-critical. As G has
no separating vertex set of size at most 2 and since |XF | ≥ 3, G1 has not
neither.
Now we claim that λ(G1) ≤ k. To this end, let x and y be distinct vertices
of G1 and let P be a set of p = λG1(x, y) edge disjoint (x, y)-hyperpaths of
G1. Then, at most one hyperpath P contains the edge e. The hyperpath P
contains a subhyperpath P ′ = (z, e, z′). Then, there is a (z, z′)-hyperpath
P ∗ containing only edges of F and G[Y ]. This follows from Theorem 12(d).
By replacing the hyperpath P ′ by P ∗ we obtain a system of p edge-disjoint
(x, y)-hyperpaths in G and so p ≤ λG(x, y) ≤ k. Hence, λ(G1) ≤ k and
so G1 ∈ Ck. Clearly, |G1| < |G| and either k = 3 and G1 is not an odd
wheel, or k ≥ 4 and G1 is not a complete graph of order k + 1. This gives a
contradiction to the choice of G. Thus, the claim is proven. 
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Claim 5 Let k ≥ 3 be an integer, and let G be a hypergraph from Ck. If G
has a separating vertex set of size 2, then G = G1∆G2 is the Hajo´s join of
two hypergraphs G1 and G2, which both belong to Ck.
Proof : If G has a separating set consisting of one edge and one vertex,
then Theorem 10 implies that G is the Hajo´s join of two hypergraphs G1
and G2. By Claim 2 it then follows that both G1 and G2 belong to Ck and
we are done. It remains to consider the case that G does not contain a
separating set consisting of one edge and one vertex. By assumption, there
is a separating vertex set of size 2, say S = {v, w}. Then, Theorem 8
implies that G ÷ S has exactly two components H1 and H2 such that the
hypergraphs Gi = G[V (Hi) ∪ S] with i ∈ {1, 2} satisfy the three properties
of this theorem. In particular, we get that G′1 = G1 + vw is a (k+1)-critical
hypergraph. By Proposition 5(b) it then follows that λG(v, w) ≥ k implying
that λG1(v, w) ≥ k − 1. As G ∈ Ck, λG(v, w) ≤ k, which implies that
λG2(v, w) ≤ 1. Since G2 is connected, this implies that G2 has a separating
edge e. But then, {v, e} or {w, e} is a separating set consisting of one edge
and one vertex, a contradiction. 
As a consequence of Claim 4 and Claim 5, we conclude that the class Ck
is contained in the class Hk and so Ck = Hk, as claimed.
Proof of Theorem 2: In order to complete the proof of Theorem 2, let G
be a hypergraph with λ(G) = k and k ≥ 3. As shown at the beginning of
the section, we have χ(G) ≤ k + 1. If one block H of G belongs to Hk, then
H ∈ Ck (by Theorem 13) and hence χ(G) = k + 1 (by (1.1)).
Assume conversely that χ(G) = k + 1. Then, G contains a critical sub-
hypergraph H such that χ(H) = k + 1. Since λ(H) ≤ λ(G) ≤ k, H ∈ Ck.
By Proposition 5(c), H contains no separating vertex. We claim that H is a
block of G. Otherwise, H would be a proper subhypergraph of a block G′ of
G. This implies that there are distinct vertices v and w in H which are joined
by a hyperpath P of G satisfying E(P )∩E(H) = ∅. Since λH(v, w) ≥ k (by
Proposition 5(c)), this implies that λG(v, w) ≥ k+1 and thus λ(G) ≥ k+1,
a contradiction. This proves the claim that H is a block of G. As Ck = Hk
by Theorem 13, it follows that H ∈ Hk. This completes the proof of the
theorem.
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5 Splitting Operation
First we want to characterize the (k+1)-critical hypergraphs having a sepa-
rating edge set of size k. These hypergraphs can be decomposed into smaller
critical hypergraphs. We now want to introduce a reverse operation, called
splitting.
Let G1 and G2 be two disjoint hypergraphs, let e˜ ∈ E(G1) and v˜ ∈ V (G2).
Furthermore, let s : ∂G2(v˜) → 2
e˜ be a mapping such that s(e) 6= ∅ for all
e ∈ ∂G2(v˜) and ⋃
e∈∂G2 (v˜)
s(e) = e˜.
Now let G be the hypergraph with vertex set V (G) = V (G1)∪ (V (G2) \ {v˜})
and edge set
E(G) = (E(G1) \ {e˜}) ∪ (E(G2) \ ∂G2(v)) ∪ {(e− {v˜}) ∪ s(e) | e ∈ ∂G2(v˜)}.
We then say that G is obtained from G1 and G2 by splitting the vertex v˜
into the edge e˜, and we briefly write G = S(G1, e˜, G2, v˜, s). If |s(e)| = 1 for
all e ∈ ∂G2(v˜), we call the splitting s a simple splitting.
Theorem 14 Let G1 and G2 be two disjoint (k+1)-critical hypergraphs with
k ≥ 2, let e˜ ∈ E(G1), and let v˜ ∈ V (G2) be a low vertex of G2. Then the
hypergraph G = S(G1, e˜1, G2, v˜, s) is (k+1)-critical, too, and F = ∂G(V (G1))
is a separating edge set of size k.
Proof: Since v˜ is a low vertex of G2, for each coloring ϕ ∈ COk(G2− v˜) and
for each color i ∈ {1, 2, . . . , k} there is an edge e ∈ ∂G2(v˜) with ϕ(e \ {v˜}) =
{i} (by Theorem 12). Furthermore, in each coloring ϕ of G1 − e˜, the edge e˜
is monochromatic with respect to ϕ. Consequently, χ(G) ≥ k+1. It remains
to show that χ(G− e) ≤ k for all edges e ∈ E(G). If e ∈ E(G1), then G1− e
admits a k-coloring ϕ1 in which the edge e˜ is not monochromatic. Hence,
we can choose any k-coloring ϕ2 of G2 − v˜ and permute the colors such that
ϕ1∪ϕ2 is a k-coloring of G− e (see Lemma 11). If e 6∈ E(G1), we choose the
corresponding edge e′ ∈ E(G2). Then, there is a coloring ϕ2 ∈ COk(G2− e
′).
Combining ϕ2 with a coloring ϕ1 ∈ COk(G1 − e˜) results in a k-coloring of
G− e. Thus, G is (k + 1)-critical (see Proposition 4). By construction, F is
a separating edge set with |F | = dG2(v˜) = k. This completes the proof.
Combining Theorem 8 with the next results provides a characterization
of (k + 1)-critical hypergraphs having a separating vertex set of size 2.
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Theorem 15 Let G1 and G2 be two disjoint (k+1)-critical hypergraphs with
k ≥ 2, let e˜ ∈ E(G1) be an ordinary edge of G1, and let v˜ ∈ V (G2) be an
arbitrary vertex. Let G = S(G1, e˜, G2, v˜, s) and let G
′
2 = G[(V (G2)\{v˜})∪ e˜].
If χ(G′2) ≤ k, then G is a (k + 1)-critical hypergraph and e˜ is a separating
vertex set of G of size 2.
Proof: Let e˜ = uw and G′1 = G1 − e˜. Then, G is the union of the two
induced subgraphs G′1 and G
′
2 with V (G
′
1) ∩ V (G
′
2) = {u, w} and |G
′
i| > 2
as |Gi| ≥ k + 1 ≥ 3. So S = {u, w} is a separating set of G. Furthermore,
G1 is obtained from G
′
1 by adding the edge uw, and G
′
2 is obtained from
G2 by identifying u and v to the new vertex v˜. Since χ(G2) = k + 1 and
χ(G′2) ≤ k, each coloring ϕ2 ∈ COk(G
′
2) satisfies ϕ2(u) 6= ϕ2(w). Since G1
is (k + 1)-critical and G′1 = G1 − uw, each coloring ϕ1 ∈ COk(G
′
1) satisfies
ϕ1(u) = ϕ1(w). Consequently, χ(G) ≥ k + 1. Now let e be an arbitrary
edge of G. It remains to show that χ(G − e) ≤ k. First assume that e
belongs to G′1 and hence to G1. As G1 is (k + 1)-critical, there is a coloring
ϕ1 ∈ COk(G1 − e) and so ϕ1(u) 6= ϕ1(w). There is a coloring ϕ2 ∈ COk(G
′
2)
and ϕ2(u) 6= ϕ2(w). By permuting colors if necessary, ϕ1∪ϕ2 is a k-coloring of
G−e. Now assume that e belongs to G′2 and let e
′ be the corresponding edge
of G2. As G2 is (k + 1)-critical, there is a coloring ϕ2 ∈ COk(G2 − e
′) which
leads to a coloring ϕ′2 ∈ COk(G
′
2−e) such that ϕ
′
2(u) = ϕ
′
2(w) = ϕ2(v˜). AsG1
is (k+1)-critical, there is a coloring ϕ1 ∈ COk(G1− e˜) and so ϕ1(u) = ϕ1(w).
By permuting colors if necessary, ϕ1 ∪ϕ
′
2 yields a k-coloring of G− e. Hence
G is (k + 1)-critical (by Proposition 4).
x1 x2
G1
x
G2
Figure 2: Two 4-critical graphs.
There are (k + 1)-critical graphs G2 and vertices v of G2 such that the
resulting graph G′2 obtained from G2 by splitting v into an independent set
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of size at least 2 satisfies χ(G′2) ≥ k + 1; in this case G
′
2 is (k + 1)-critcal,
too. An example with k = 3 is shown in Figure 2; both graphs G1 and G2
are 4-critical and G1 is obtained from G2 by splitting x into the vertex set
{x1, x2}. The graph G1 is a Hajo´s join of the form G = (K4△K4)△K4 and
hence 4-critical. That G2 is 4-critical can also easily be checked by hand
using Proposition 4.
Both Theorems 14 and 15 are special cases of a more general theorem
about the splitting operation for critical hypergraphs. The proof of the next
result is almost the same as the proof of the former theorem.
Theorem 16 Let G1 and G2 be two disjoint (k+1)-critical hypergraphs with
k ≥ 2, let e˜ ∈ E(G1) be an arbitrary edge of G1, and let v˜ ∈ V (G2) be an
arbitrary vertex. Let G = S(G1, e˜, G2, v˜, s) and let G
′
2 = G[(V (G2)\{v˜})∪ e˜].
Assume that for every coloring ϕ ∈ COk(G[e˜]) with |ϕ(e˜)| ≥ 2 there is a
coloring ϕ′ ∈ COk(G
′
2) such that ϕ
′|e˜ = ϕ. Then, G is a (k + 1)-critical
hypergraph.
A slightly weaker version of the above theorem was already proved by
Toft [16]; he only considered the case when G2 is a critical graph and s is a
simple splitting. Then, the resulting critical hypergraph G has one hyperedge
less. By repeated application of the splitting operation one can finally obtain
a critical graph.
Let G1, G2, e˜, v˜, G and G
′
2 as in Theorem 16. As G1 is critical, G1 is a
simple hypergraph (by Proposition 5(d)). Hence, e˜ is an independent set of
G as well as of G′2 and G[e˜] = G
′
2[e˜]. We then say that G
′
2 is obtained from
G2 by splitting v˜ into the independent set e˜, and write G
′
2 = S(G2, v˜, e˜, s).
Let G be a (k + 1)-critical hypergraph with k ≥ 2, and let v be a vertex
of G. We say that v is a universal vertex of G, if for every hypergraph
G′ = S(G, v,X, s), where X is a set, and every coloring ϕ′ ∈ COk(G
′[X ])
with |ϕ′(X)| ≥ 2 there is a coloring ϕ ∈ COk(G) with ϕ|X = ϕ
′.
Theorem 16 then implies that if G1 and G2 are disjoint (k + 1)-critical
hypergraphs, and v˜ is a universal vertex of G2, then any hypergraph G ob-
tained from G1 and G2 by splitting v˜ into an edge e˜ of G2 is a (k+1)-critical
hypergraph, too. However, a good characterization of universal vertices in
critical hypergraphs or graphs seems not available. From the proof of The-
orem 14 it follows that any low vertex of a (k + 1)-critical hypergraph with
k ≥ 2 is universal. Further cases were given by Toft in [15] and [16].
Next to the Hajo´s construction there is another construction for critical
hypergraphs, first used by Dirac for critical graphs (see Gallai [7, (2.1)]).
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Let G1 and G2 be two disjoint hypergraphs, and let G be the hypergraph
obtained from the union G1 ∪ G2 by adding all ordinary edges between G1
and G2, that is, V (G) = V (G1) ∪ V (G2) and E(G) = E(G1) ∪ E(G2) ∪
{uv | u ∈ V (G1), v ∈ V (G2)}. We call G the Dirac sum, or the join of
G1 and G2 and write G = G1 ⊠G2. Then it is straightforward to show that
χ(G) = χ(G1) + χ(G2), and, moreover, G is critical if and only if both G1
and G2 are critical. For example, KCn,p = Kn ⊠ C2p+1 is a (n + 3)-critical
graph and, as proved by Toft [16], each high vertex of KCn,p is universal.
These graphs enable us to construct from any (k + 1)-critical hypergraph
with k ≥ 3 and copies of KCk−2,p a (k + 1)-critical graph. Note that if
G = S(G1, e˜, G2, v˜, s) and s is a simple splitting, then dG2(v˜) ≥ |e˜|. One
popular example of a critical graph obtained from a critical hypergraph was
presented by Toft [15]. For i ∈ {1, 2}, let Gi be a connected hypergraph
with one edge ei of size 2p + 1, so Gi is a 2-critical hypergraph. Then the
Dirac sum G′ = G1 ⊠ G2 is a 4-critical hypergraph. If we now apply the
splitting operation with two copies of the odd wheels KC1,p and the high
vertex v, that is, we first construct G˜ = S(G′, e1, KC1,p, v, s) with a simple
splitting s and then G = S(G˜, e2, KC1,p, v, s
′) with a simple splitting s′, then
the resulting graph G is a 4-critical graph of order n = 8p + 4 and with
m = (2p + 1)2 + 8p + 4 = 1
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n2 + n edges, i.e., G has many edges. The
constant 1
16
has not been improved.
6 Concluding remarks
Surprisingly, we are not able to characterize the hypergraphs with λ = 2
and χ = 3. If H2 denotes the smallest class of hypergraphs that contains all
hyperwheels and is closed under taking Hajo´s joins, then it is easy to show
that H2 is contained in the class C2 of 3-critical hypergraphs with λ ≤ 2. As
proved in Claim 4 if G belongs to Ck with k ≥ 3 and G has no separating
vertex set of size at most 2, then G is a base graph of Hk, that is, either
k = 3 and G is an odd wheel or k ≥ 4 and G is a Kk+1. However, there
are hypergraphs in C2 that do not have a separating vertex set of size at
most 2, but that are different from hyperwheels. Examples of such 3-critical
hypergraphs can be obtained as follows. Let T be an arbitrary rooted tree
such that the root has degree at least 2 and the distance between the leafs
of T and the root all have the same parity. If G is the hypergraph obtained
from T by adding the hyperedge consisting of the leafs of T , then it is easy
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to check that G ∈ C2. If the non-leaf vertices of T have degree at least 3,
then G has no separating vertex set of size at most 2; one such hypergraph
is shown in Figure 3. On the other hand, G belongs to H2, and we do not
know any hypergraph belonging to C2, but not to H2. If G ∈ C2 then G has a
separating edge set of size 2, and according to Theorem 12 the hypergraph G
can be decomposed into two 3-critical hypergraphs G1 and G2. It can easily
be shown that λ(Gi) ≤ 2 for i ∈ {1, 2} implying that both G1 and G2 belong
to C2. The problem is the converse splitting operation.
Figure 3: A member in C2 without a separating vertex set of size 2.
It seems likely that one can obtain a polynomial time algorithm from the
proof of Theorem 2, which, given a hypergraph G with λ(G) ≤ k and k ≥ 3,
either finds a k-coloring of G or a block belonging to Hk. We did not explore
this question.
References
[1] P. Aboulker, N. Brettell, F. Havet, D. Marx, and N. Trotignon, Colour-
ing graphs with constraints on connectivity, J. Graph Theory 85 (2017)
814–838.
[2] A. Frank, Connections in Combinatorial Optimization, Oxford Univer-
sity Press 2011, Oxford Lecture Series in Mathematics and its Applica-
tion 38.
[3] R. L. Brooks, On colouring the nodes of a network, Proc. Cambridge
Philos. Soc., Math. Phys. Sci. 37 (1941) 194–197.
21
[4] G. A. Dirac, A property of 4-chromatic graphs and some remarks on
critical graphs, J. London Math. Soc. 27 (1952) 85–92.
[5] G. A. Dirac, The structure of k-chromatic graphs, Fund. Math. 40 (1953)
42–55.
[6] P. Erdo˝s and A. Hajnal, On the chromatic number of graphs and set-
systems, Acta Math. Acad. Sci. Hungar. 17 (1966) 61–99.
[7] T. Gallai, Kritische Graphen I. Publ. Math. Inst. Hungar. Acad. Sci. 8
(1963), 165-192.
[8] G. Hajo´s, U¨ber eine Konstruktion nicht n-fa¨rbbarer Graphen. Wiss. Z.
Martin Luther Univ. Halle-Wittenberg, Math.-Natur. Reihe 10 (1961),
116–117.
[9] R. P. Jones, Brooks’ theorem for hypergraphs. In: Proc. 5th British
Comb. Conf., Congr. Numer. XV (1975) 379–384.
[10] T. Kira´ly, Edge-connectivity of undirected and directed hypergraphs, PhD
thesis, Eo¨tvo¨s Lora´nd University, Budapest, 2003.
[11] A.V. Kostochka and M. Stiebitz, A new lower bound on the number of
edges in colour-critical graphs and hypergraphs, J. Combin. Theory Ser.
B 87 (2003) 374–402.
[12] L. Lova´sz, On chromatic number of finite set-systems, Acta Math. Acad.
Sci. Hungar. 19 (1968) 59–67.
[13] L. Lova´sz, Coverings and colorings of hypergraphs. Congr. Numer. VIII
(1973), 3–12.
[14] M. Stiebitz and B. Toft, A Brooks type theorem for the maximum local
edge connectivity, Electr. J. Combin. 25 (2018), paper P1.50
[15] B. Toft, Some contribution to the theory of colour-critical graphs, PhD
thesis, University of London 1970. Published as No. 14 in Various Pub-
lication Series, Mathematisk Institut, Aarhus Universitet 1970.
[16] B. Toft, Colour-critical graphs and hypergraphs, J. Combin. Theory Ser.
B 16 (1974), 145–161.
22
